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The Markov and Lagrange spectra
on the Hecke group H,

by

DoNnG HAN KIM and DEOKWON SIM

Abstract. We consider the Markov spectrum and the Lagrange spectrum on the
Hecke group Ha. They are identical to the Markov and Lagrange spectra on the unit cir-
cle. The Markov spectrum on Hy is termed the Markov spectrum on index 2 sublattices
by Vulakh and the Markov spectrum on 2-minimal forms or C-minimal forms by Schmidt.
They characterized the spectrum up to the first accumulation point, independently. We
show that, after the first accumulation point, both spectra have positive Hausdorff dimen-
sion. Then we find gaps in the spectra and give a bound on Hall’s ray.

1. Introduction. For an irrational number &, the Lagrange number L(§)
is defined as the supremum of all L such that

P 1
‘g q‘ S Ig

for infinitely many rational numbers p/q. The classical Lagrange spectrum is
the set of Lagrange numbers, i.e.,

-1
(1.1) % := {limsup (q2 £ — pD

p/q€Q q

The Markov spectrum is defined as the set of reciprocals of the infimum of
the non-zero values of indefinite quadratic forms f(x,y) = az? + bxy + cy?
with real coefficients, normalized by the square root of their discriminants
5(f) = b* — dac > 0, i.e.,

seR\@}:{L@)\geR\@}.

(o, ey
(1.2) Mo = {((m,y)EZQ\f{(O:O)} Vo(f)

5(f) >0}.
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It is well known [31] that 2 C 4. The classical results of Markov [19] 20]

show that
/ 4
300[0,3)—://()(7[0,3)—{ 9—? wGMo},

where My = {1,2,5, 13,29, 34,89,169, ...} is the set of elements of positive
integer triples (x1, z2,x3) satisfying

2 2 2
r] + x5 + 23 = 317273,

Therefore, the smallest accumulation point of the spectra is 3. Moreira [21]
showed that the two spectra have positive Hausdorff dimension right after the
first accumulation point 3 and they have full dimension starting at v/12 — &
for some & > 0. There are gaps in % and .4 like (v/12,1/13), which was
found by Perron [25]. Note that v/13 is an isolated point of both spectra.
Eventually, there exists a half-infinite interval contained in the Lagrange and

Markov spectra, which is called Hall’s ray [12]. Hall showed that (6, 00) C %

9 . _ 2221564069+283748v/462 __
and Freiman [10] gave the smallest possible value ¢ = 191093550 =

4.5278 ... for which [¢,00) is contained in .%p. For a detailed discussion of
the Markov and Lagrange spectra, see [3, [8, [17].

The Lagrange and Markov spectra have been generalized to discrete
subgroups of PSLy(R), called Fuchsian groups. Let G be a finitely gener-
ated Fuchsian group acting on the upper half-plane H and its boundary
R = R U {oc} via the linear fractional transformation

(a b) az+b
sz = .
c d cz+d
We further assume that oo is a fixed point of a parabolic element of G and
let Q(G) be the set of orbits of co under the action of G. For a real number &

not in Q(G), we define the Lagrange number L (§) to be the supremum of L
satisfying

1 b
& =M - oo| = 5—9 < —  for infinitely many M = “ € G.
c|  Le? c d
Since
- 1
A —afc’
Lg(€) is the limit superior of [M~!- ¢ — M1 . co|, which is the Euclidean

diameter of the image of the geodesic from oo to & under the action of
M~! € G. We define the Lagrange spectrum on G as

(1.3) 2(G) ={Lc(§) | £ e R\ Q(G)}.
Let f(z,y) = ax?® 4 bzy + cy? be an indefinite quadratic form with real
coefficients. For each quadratic form f, we associate a geodesic in H with

M~ &= Moo
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endpoints £, n € R, ¢ = 7, satisfying
[f@y)l _ @ —&y)(z —ny)|

5(f) € =l
For a matrix M = (%) € G, we set f(M) := f(a,c) and check that
(1.4) M.g_M'n_(cf—fd)_(c?;—i—d) for &,n e R.
Therefore, we have
o(f) 1 -1
NV Ml e— Mol
I
We define the Markov spectrum on G as
o(f) ‘ }
G) .= 1)
#©) = g 0 |30 >0
~{swp M- M7l [ gmeR g £}
MeG

In other words, .# (G) is the set of the supremums of the Euclidean diameters
of the geodesics in H under the action of G. Note that the Lagrange spectrum
on G satisfies

Z(G) = {hmsup (M- Mo ‘ £ER\ @(G)}.
MeG
For the modular group PSLs(Z), we have
M (PSLa(Z)) = My, L (PSLa(Z)) = %.
Some closed geodesics in H/PSLy(Z) with low heights are shown in Figure

Fig. 1. Several closed geodesics in the fundamental domain of the modular group on the
upper-half plane. They have maximal heights /5, 2v/2, 2¢/3 (from left to right).

In this paper, we consider the Lagrange and Markov spectra on the Hecke
group Hy or the hyperbolic triangle group (2,4, 00). The Hecke group H, is
the subgroup of PSLy(R) generated by S = ({ ') and T = ((1) )‘1‘1), where
Ag = 2COS§ and ¢ > 3 is an integer. Note that H, has the presentation

H, > (S,T|S*=1,(ST)" =1),
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where [ is the identity 2 by 2 matrix. When ¢ = 3, we have A3 = 1 and
Hj is the modular group PSLy(Z). If ¢ = 4, then Ay = v/2. Moreover, it is
known [24] that

m-{ (s )

2
U{(fa b >‘2ad—bc:1,a,b,c,d€Z}.
c V2d

Therefore, Q(H;) = v/2Q. The Diophantine approximation on the Hecke
group H has also been studied using the Rosen continued fraction [27] (see
e.g. [16], 28, 22, [5, 23] [4]). The three geodesics of lowest heights in H/H, are
shown in Figure [2|

ad — 2bc = 1, a,b,c,dEZ}

Fig. 2. Three closed geodesics in the fundamental domain of the group H4 on the upper
half-plane with lowest heights.

The minimum of the Lagrange spectrum, which is called Hurwitz’s con-
stant, for the Hecke group H, was studied in [16] and [I1]. In particular, if ¢
is even, then the minimum of the Lagrange spectrum 2 (H,) is always equal
to 2. Series [30] examined the discrete part of the Markov spectrum on Hjp.
The Markov spectra on general Hecke groups were studied in [33].

The discrete part of the Markov spectrum on the Hecke group Hy has
been studied by Schmidt and Vulakh independently. It is termed the Markov
spectrum on 2-minimal forms by Schmidt [29] and the Markov spectrum on
the sublattice of index 2 by Vulakh ([32]; see also [I§]). It is also identical
to the Markov spectrum on the unit circle S, related to the Diophantine
approximation of the points of R2 N S! by points of Q2N S* (see [15,[7]). We
will call (z;y1,y2) a Vulakh—Schmidt triple if (x;y1,y2) is a positive integer
triple satisfying

227 + 1} + 45 = dxyys.
We set
N =1{1,5,29,65,169,349,...} and M ={1,3,11,17,41,59,...}

as the sets of 2’s and y;’s (i = 1,2) in the Vulakh—Schmidt triples respec-
tively. The spectral values less than 2v/2 are given in [29] (see also [I8])
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M (Hy) N[0,2V2) = {\/8—*;2 mGN} U {H ye/\/l}.

Therefore, the first accumulation point of .# (Hy) is 2¢/2. The discrete part
of the Lagrange spectrum % (H4) N [0,2v/2) coincides with the discrete part
of the Markov spectrum .2 (Hy) N [0,2v/2) (see also [6]). Using a method
similar to the classical case, we show the first theorem.

as

THEOREM 1.1. The Markov spectrum .# (Hy) is closed and the Lagrange
spectrum £ (Hy) is contained in A (Hy).

We show that, after the first accumulation point, the Lagrange spectrum
has positive Hausdorff dimension.

THEOREM 1.2. For any ¢ > 0, we have
dimy (. (Hy) N [0,2V2 +¢)) > dimy (ZL(Hs) N[0,2V2+¢)) > 0.

We call an open interval (a,b) a mazimal gap of the spectrum if it does
not intersect the spectrum and is not a proper subset of a larger gap. We
find two maximal gaps in .Z(H,) and £ (H,) after the first accumulation
point (see Figure [3)).

gap gap ray
22 V238 /1(2124v2+48/238 42
5 1177

Fig. 3. Gaps and a ray in .#(Hy)

THEOREM 1.3. The intervals (—V?g,\/l()) and (\/10, % V238) are
mazimal gaps in A (Hy) and £ (Hy).

We note that /10 is an isolated point. The two gaps in Theorem
seem to be similar to the gaps (v/12,v/13) and (v/13, 35(9v/3 4 65)) in the
classical Markov and Lagrange spectra .#, and % [8, Chapter 1, Lemmas 7
and 9].

After a certain point the Lagrange spectrum .2 (Hy) contains a half-line,
and so does . (Hy,), which is called Hall’s ray (see Figure |3). The existence
of Hall’s ray in .Z(Hy) is established [I] in general groups. We give a bound
of Hall’s ray as follows.

THEOREM 1.4. The Lagrange spectrum £ (Hy) contains every real num-
ber greater than or equal to 4v/2, i.e. [4v/2,00) C L (Hy) C .4 (Hy).

In Section 2] we introduce a symbolic coding for a geodesic and its end-
points in R using the Hecke group Hy. A geodesic in the hyperbolic space
is determined by a doubly infinite expansion and we deduce the formula for
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the spectral value of the Markov and Lagrange spectra by the doubly infinite
expansion of the geodesic. We then prove Theorems [I.IHI.4] in Sections [3H6]
respectively.

2. Symbolic coding of a geodesic and the Perron formula. In this
section, we introduce a symbolic coding for a geodesic and its endpoints using
the Hecke group Hy, following the work of Hass and Serie [I1] and Series [30].
We then derive the Perron formula (Theorems and for Hy using this
expansion. The Hy-expansion is closely related to the digit expansion on the
unit circle introduced by Romik [26], which is also related to the even integer
continued fraction or continued fractions of specific parities (see [13},[14]). For
the connection between the Hy-expansion and the Rosen continued fraction,
consult [2].

Let

G () ()

Note that K% = I. We consider a fundamental domain {2 for Hy surrounded
by the geodesics given by z = 0, x = v/2, |z| = 1 and |z — V2| = 1 (Fig-
ure {4 (left)). Let dg be the geodesic given by the imaginary axis and let
dq = K%8p) for d = 1,2,3. Let A = QU K(2)U K?(2) U K3(£2) be the
ideal quadrilateral with edges 64 for d = 0, 1,2, 3 (Figure |4] (right)). Let I'4
be the subgroup of H, generated by K4SK~% d = 0,1,2,3. Then A is a
fundamental domain of I'y (see [I1]).

60 \\ // 63
P
/,’ 7N ~o
4 A}
L7 VA BN RS
, ’ | \ N
4 /7 1 AY \
, ! 1 \ \\
’ 1
, 41 X 42 \
) 1 .
| |
0 1 V2 0 1 V2
V2 1 V2 1

Fig. 4. A fundamental domain {2 (left) and the ideal quadrilateral A (right)

Let v be an oriented geodesic with endpoints v—,y" € R. We assume
that neither 4~ nor 4 belongs to Q(Hy). Let 7 = Ugep, G(0). Then,
by cutting 7, the oriented geodesic « is divided into geodesic segments
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Y —9,Y—1,Y0s Y15 Ya2s - - - along the orientation. Let ~, , v, € 7 be the
two endpoints of the geodesic segment ~y,, along the orientation of ~.
For each n € Z, there exists M,, € I'y such that =y, belongs to M, (A).
Let e, € {0,1,2,3} be such that ~,, € M,(d,) and define G,, = M, K.
Then G,, € Hy and

(21) 4, €Gn(do) and ) € Gn(d4,) for some d, € {1,2,3}.
Since
Yni1 = 'Yz € Gn(da,) = Gann (6o) = Gan”S(éo),
we deduce that for all n € Z,
(2.2) Gny1 = G K¥™S =G, Ny,
where we denote
Ny:=K% ford=1,2,3.
Note that

s (59 (P ) we ()

For each oriented geodesic «v on H, we define a two-sided infinite sequence
(dn)nez € {1,2,3}%. We define an equivalence relation ~ in {1,2,3}* by
(an) ~ (by) if and only if there exists some m € Z such that anim = by
for all n € Z. Then an equivalence class of {1,2,3}% under ~ is called a
doubly infinite Hy-sequence. A section of a doubly infinite Hy-sequence is
an element (d,)nez € {1, 2, S}Z in the equivalence class. With each oriented
geodesic v on H, we associate a doubly infinite Hy-sequence. Figure [5| shows
an example of an oriented geodesic v with G; = I and

cydai=1,dy=2,d1=3,do=1,d3=3, ...

thus,
G_1=Ny'N;Y Gi=1, Gs3= N3Ny,
G0=N2_1, G9 = N3, G4 = N3N1Ns.
/N
Go(A4) Gi(A)=A G2(A)
Yo Yo
(A m Gs(A)
G4(A)
ol 0 7 2 7"

Fig. 5. An oriented geodesic v with a sequence of geodesic segments ,,.
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From (2.1)), we deduce that for each n € Z the oriented geodesic G,;(v)
intersects the imaginary axis dg and satisfies

(2.4) G l(y7) € (—0,0) and G,l(y") € (0,00).

n

Suppose that Gy = I. Then we have v+ € (0,00), and by (2.2), we obtain
Grniy1 = Ny, ... Ng, for n > 0. Therefore, (2.4) implies that for all n > 1,

’Y+ € Ng,...Ng, - (0,00)

Using the symbolic coding of the geodesic, we have an expansion of a
positive real number by the one-sided infinite sequence (dp)nen. Let f :
[0, 00] — [0, 0] be the map given by

N7tz ifze [0,%] = N - [0, o0],
fa)={N' o itz e [3,v2] = Ny (0,00,
Nytox o ifxe [V2,00] = N3 - [0, 00].
For a real number a € [0,00], there exists an infinite sequence (dp)nen
satisfying
" Nz) e Ny, -[0,00] forall n>1,

thus
x € Ng,---Ng, ...[0,00] forall n>1.
We define the Hy-ezpansion of « as
o = [dl,dg,...].

REMARK 2.1. For ¢ = 3 we have T' = (} 1) and Hs = PSLy(Z). In this

case,
1 0 11

() %)

11 0 1

Thus, the Hs-expansion of « is

ag ai az

A —— 1
a=1[2,...,2,1,...1,2,...,2,...] fora=ay+ .
a1 +
as+ -
By an infinite Hy-sequence we mean an element of {1,2, 3}". For an infi-
nite Hy-sequence P = (dp,)n>1, we write [P] = [dy,d2,...]. For di,...,d; €

{1,2,3}, we define the cylinder set
[dl, . ,dk] = Nd1 e Ndk : [0,00]

For o = [dy,da,...], we have o € [dy,...,d,] for all n > 1. Some cylinder
sets of the Hy-expansion are shown in Figure[6] We note that for each k > 1,

[dl,dg, . ] == Nd1 .. .Ndk . [dk+1,dk+2, . ]
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In particular, we check
(25) [LP|=Ni-[P], [2,P]=N2-[P], [3,P]=Ns-[P],
and deduce that

1 1
0<[1,P]<—, —=<I[2,P]<V2, V2<[3,P
<[, P]< NG <[2,P < 3, P]
for P € {1,2,3}.
(1,1] [1,2] 1,3] [2,1] [2,2] [2,3] (3,1] 3,2] 3, 3]
< el 2l X X 2l o < <

Fig. 6. Cylinder sets on R

Since Hy is generated by S and K, any M € Hy takes one of the following
forms:

Ng,...Ng, or Ng ...Ng S or SNg ---Ng  or SNg ...NgAS.

k
Therefore, o € [0, 00] belongs to Q(Hy) if and only if
Oé:Ndl"-Ndk-O or Oz:Ndl---Ndk-OO,

which is equivalent to « being a boundary point of the cylinder set [dy, . . ., d].
If « € R\ Q(Hy), then a has a unique Hy-expansion [dy,ds,...]. For the
boundary points of the cylinder set, we have

0=[1,1,...]=[1%], o0=]3,3,...] =:[3%]
and

[dy,...,dg] = [[dl,...,dk,l‘x’], [dl,...,dk,?)oo]].

Therefore, if a € Q(Hy), then there exist up to two expressions of «. For
instance,

1 o071 o0 — o0l [e.9]
ﬁ:[l’?’ | =1[2,1%], V2=1[2,3°]=[3,1®].
EXAMPLE 2.2. As [2%°] = Ny - [2*°], [(1,3)*>°] = N1 N3 -[(1, 3)*°], we have
o071 oo \/g_ 1
(2.6) 29 =1 [0,8)%] ="
Similarly, we check
V17T —2V2 1

(2.7) [(1,2,3)] = 3 [(1,1,2)%] = m
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For infinite Hy-sequences P = (ap)p>1 and @ = (bn)n>1, we define a
combined two-sided sequence

b, ifn>1,
G_pnt1 ifn <0,

P*|Q = (cn)nEZa Cn = {

which is an element of {1,2,3}%. Let

3 ifd=1,
d'={2 ifd=2,
1 ifd=3.

Then we have the identities

0 1
(2.8) N;'=SNyS and Ngv = JNgJ, Wmmjz<10>

For a given infinite Hy-sequence P = (a,)n>1, let PV = (a,!)p>1. For a dou-

bly infinite Hy-sequence U with a section P*|Q, we define UV and U* as the
doubly infinite Hy-sequences with a section (PV)*|QY and Q*| P respectively.

Using ([2.8)), we have

1 1
dy,....,d)]=JNg ...Ng J-[0 =
[ b ’ k] = e [ ’OO] [dl,...,dk,?)oo]7 [dl,...,dk,loo]]

and )
P = =
[P]
For an example, from (2.6, we have

N . R R
N T RV B R A

We also note that
V3+1
7
LEMMA 2.3. Suppose that v is an oriented geodesic on H with an asso-
ciated doubly infinite Hy-sequence U.
(i) Ify~ € (—00,0) and vt € (0,00), then there exists a section P*|Q of U
with P = (an)nen, @ = (bn)nen satisfying

[(3,1)%] = N3 - [(1,3)%] = V2 +[(1,3)] =

Fy_:_[P]:_[a‘l;aQ;"'] and 7+:[Q]:[b1,b2,...].
(ii) Ify~ € (0,00) and v € (=00, 0), then there exists a section P*|Q of U
such that

7+ = _[Pv] = _[a\l/aag/a"'] and 7_ = [QV] = [bi/ab%/’ ]
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Proof. (i) We choose geodesic segments =, and 7, in S(A) and A re-
spectively, thus, v, € dp and G = I. By ([2.2) and (2.8 we obtain

. _ {Ndl...Ndn_l ifn > 2,
SngNdX1 .. Ngv§ ifn <0.
Therefore, by , for all m > 1 we have
¥" € Nay ... Na, - (0,00), 8-~ € NgyNgv ... Ngv - (0,00),

which yields
vt = ldds,. ] v = _[dg,dvl,ldv2,...] — ldod_1,d_s,...].
(ii) We choose geodesic segments v, and v; in A and S(A) respectively,
thus, v; € S(dp) = dp and G; = S. By and we get
o {SNdl ...Ng,_, if n > 2,
NagyNav ... NayS ifn<0.
Therefore, by , we have for all m > 1

S-~y* € Na ... Ng, - (0,00), 4~ € NgyNgv ...Ngv -(0,00),

which implies that

1 _
== dY,dY,...], 4T =[df,dYy,dYy,.. ]
[d1,da, . .]

LEMMA 2.4. Let « be an oriented geodesic on H with two endpoints v~
~* and let U be the doubly infinite Hy-sequence associated to ~. If |M -~v* —
M -~~| > /2 for some M € Hy, then there exists a section P*|Q of U such
that

M -yT =M -y |=[PI+[Q] or [P']+[Q"].
Proof. Suppose that
M -~T = M-~ | > V2.
By writing M’ = T"™M for some m € 7, we may assume that
M -~y <0, M -~T>0 or M -~ >0, M'-~" <0.

Let 4 = M'(«). Then U is also the associated doubly infinite Hy-sequence
of 4. By Lemma there exists a section P*|@ such that
M-y~ =-[P], M v =[Q] or M -y =[Q'], M-~ =~[P]. a

Let &,n € R be two distinct points on the boundary of H, and U be

the associated doubly infinite Hy-sequence of the oriented geodesic v with
~~ =&, 4t =n. For any section P*|Q of U, there exists M € Hy such that

Y =M-¢=-[P], ¥' =M n=[Q] fory=DM().
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Since
SM-¢=[PY], SM-n=-[Q"] and SM € Hy,
we have
sup |M-&— M -7 > sup max {[Q] + [P],[Q"] + [P"]} > 2,
MeH, PrlQ

where P*|@ runs over all sections of U, and the second inequality comes
from ([P)+ [QD(IPY] + Q") =2+ {5 + [§ 2 4.

Therefore, Lemma [2.4] implies that

sup |M -&— M -1 = sup max {[Q] + [P], [Q"] + [P"]}.
MecH, P*|Q

Let
L(P*|Q) == [P] +[Q].

Then we have Perron’s formula for the Hecke group Hy as follows.

THEOREM 2.5. Let U be a doubly infinite Hy-sequence. We define M(U)
by the mazximum of two supremum values as follows:

M(U) = ;g'%maX{L(P*IQ%L((PV)*IQV)},

where P*|Q runs over all sections of U. The Markov spectrum is the set of
M(U) as U runs over all doubly infinite Hy-sequences:

AM(Hy) ={M(U) € R| U is a doubly infinite Hy-sequence}.

THEOREM 2.6. Let U be a doubly infinite Hy-sequence. We define L(U)
by the maximum of two limit superior values as follows:

L(U) = limsup max {L(P*|Q), L((P*)"|Q")},
PQ

where P*|Q runs over all sections of U. The Lagrange spectrum is the set of
L(U) as U runs over all doubly infinite Hy-sequences:

Z(Hy) ={L(U) e R| U is a doubly infinite Hy-sequence}.

For a finite sequence W, we denote the k-repeated sequence W ... W
by W¥. We also denote an infinite sequence with period W and a doubly
infinite sequence with period W by W and W .

EXAMPLE 2.7. The associated doubly infinite Hy-sequences of the three
closed geodesics in Figure[2are Uy = 2% (left), Uy = °°(13)> (center) and
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Us = °(123)> (right). From and , we check
M(Up) = L(...22]22...) =2[2°] = 2,
M(Us) = L(...3131|3131...) = V2 4+ 2[(13)>] = V6,

1 217
Us) = L(...123|123123...) = [(123)*° = .
Hereafter, commas in Hy-sequences may occasionally be omitted for sim-
plicity of notation.

3. Closedness of the Markov spectrum. We prove Theorem
First we note that given the discrete topology on {1, 2,3}, the product space
{1,2,3}?% is compact due to Tikhonov’s theorem.

LEMMA 3.1. Let U be a doubly infinite Hy-sequence. If M(U) is finite,
then there exists a doubly infinite Hy-sequence U with a section P*|Q such
that M(U) = M(U) = L(P*|Q).

Proof. By Theorem there exists a sequence {P;|Qy }nen of sections
of U or UV, say U, such that lim, . L(P}Q,) = M(U). Since the product
space {1,2,3}% is compact, there exists a subsequence {Py |Qn, }ken which
converges to a section P*|@Q of a doubly infinite Hy-sequence U. By the
continuity of L, we have L(P*|Q) = M(U) < M(U).

If P*|Q is another section of U, then P*|Q is a limit of {P;k\an}keN,
which is a shifted subsequence of { Py, |Qp, }. Thus L(P*|Q) < M(U), which

implies that M(U) < M(U). w

Proof of Theorem[1.1, We first show that the Markov spectrum .# (H,)
is closed. Choose a convergent sequence {my, }nen in .4 (Hy). By Lemma
there exists a sequence of doubly infinite Hy-sequences {U,}n,en with a
sequence {Pr|Qp}nen of sections such that m, = M(U,) = L(PQn)
for all n € N. By the compactness of {1,2,3}%, we have a subsequence
{ Py, |Qn, } ken converging to the limit P*|Q which is a section of a doubly infi-
nite Hy-sequence U. By the continuity of L, we have lim,,_,o, m,, = L(P*|Q),
thus limg, 0o my, < M(U).

Let P*|Q be another section of U. Then P*|Q is a limit of finite shifts of
the subsequence { Py, |Qn, }ren. Therefore, L(P*|Q) < limy,_0o M(U,) and
M(U) < limy—y00 my. Hence, M(U) = lim,,—,oc my, and we conclude that
the Markov spectrum is closed.

Now we show that Z(H4) C .#(H4). By Theorem for a doubly
infinite Hy-sequence U, there exists a sequence { P|Qy, }nen of sections of U
or UV, say U, such that £L(U) = lim,, o L(P¥|Q;,). Since the product space
{1,2,3}7 is compact, there exists a subsequence {P} |Qn,, }ren which con-
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verges to an element P*|Q € {1,2,3}%, which is a section of a doubly infinite
sequence U. By the continuity of L, we deduce that £(U) < M(U).

For another section P*|Q of U, we have L(P*|Q) < L(U) since P*|Q
is a limit of a sequence of sections of U. Therefore, M(U) < L£(U). Hence,

LU)=MU) e .#(Hy). u

4. Hausdorff dimension of the Lagrange spectrum. In this section,
we prove Theorem . By (1.4), for any Hy-sequences P, (Q, we have

|[P] - [Q]
Pl = [Q) <[Pl - [Q], [[2P]—-[2Q] < —h
In this section, assume that € > 0 is given. Then we choose m > 1 such that
(27 - 2] < SEEIIE <o

For any Hy-sequence P we have
(4.1)  [32™FUP] 4+ [(12M3)%] < [32%°] 4 [12%°] + ¢ = 2V2 +&.
Let A = 32™%'1, B = 32™1. Define
Y:={Pec{1,2,3}N | P=B™AMB™A™ .. n;m; € {1,2} for all i}.
LEMMA 4.1. Let F = {[P] € R | P € ¥'}. Then we have
dimpg (F) > 0.

Proof. Let
a:=[(BA)%], B:=[(BA%)™].

Then for each P € 3 we have
a < [P]<pB.
Let
My = NsNS"PINy,  Mp = N3NJ'Ny.
Define f; : [, 8] = [a, 8], 1 = 1,2,3,4, to be

fi(x) = MEMy4 -z, f3(x) = MpMy - x,

fo(z) = MEM3 -z, fu(z) = MpMj - =.
Then {f1, fa, f3, fa} is a family of contracting functions, which is called an
iterated function system (see e.g. [9]) satisfying

F=fi(F)U fa(F)U f3(F)U fu(F), fi(F)n fj(]:) =0 fori#j.
Using , we check that there are ¢; > 0 for each i = 1,2, 3,4 such that
|fi(x) — fi(y)| > cilx — y| for z,y € |a, B] since all elements of the matrices
MZMa, MAM?%, MpMa, MpM? are positive. By [0, Proposition 9.7], we
conclude that

dlmH(]:) > S,
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where s > 0 is the constant satisfying
ci+ce+es+ci=1.m
Choose
R=B™AMB™A™ .. € X, n;m; € {1,2},
and let
W= B™AMB™ A" B™ . Bk A",
Ur := *BWEB?ASWEBSASWEBY . BEASWEBFL ..
LEMMA 4.2. We have
1

Proof. Let P*32F|2°1Q be a section of Ur for some k,¢ > 0. Then we

have, for £k > 1,£ >0,
L(P*32F|2°1Q) = [2*3P] + [2°1Q] < [23%°] + [2*°] = V2 + 1,
and for k = 0,
L(P*32%12°1Q) = L(P*|32°1Q).
On the other hand, if P*32F1|32¢1Q is a section of U, then
L(P*32F1|32°1Q) = [12¥3P] +[321Q] > [12°°]+[321>] = \%—1 > V2+1.
Therefore,
L(Ur) = limsup max {L(P*|Q), L((P¥)*|Q")},
P*Q

where P*|Q runs over all sections of Ug such that P*[Q = P*A|AQ, P*A|BQ,
P*B|AQ, or P*B|BQ for some P and . Using the facts that [AP] > [BQ)]
for any infinite sequences P, () and that W,f does not contain A3, we conclude
that

L(Ug) = limsup L(... By AW BF| ASWEBF ASWE | )

k—oo
1
= limsu + [ASWEBFHIASWE >
k%op<[Bka{?_ \A3By .. ] AW -
1

Let
H:={L(Ugr) | R e X}.

Then Lemma and (4.1]) yield

42)  H= {[Bloo] +[4%R] | R e 2} C L(H) N (0,22 +2).
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Since all elements of the matrix M3 are positive, [R] = [A3R] = M3 - [R]
is a bi-Lipschitz function on the closed interval [«, 5]. Therefore, Lemma
implies that dimg (H) > 0, which completes the proof of Theorem

5. Gaps of the Markov spectrum. In this section, we investigate
the gaps of . (Hy) above the first limit point 2v/2. We prove Theorem .
through Theorems [5.2] and [5.3]

We check that

V2 V119 +3
51 0¥ = Y2, ety = 0L
and let
mo =M (*(3132)123(2131))
_L(*°(3132)12 | 3(2131)%) = 2124\/51;;;18‘/@ —3.81....

LEMMA 5.1. Let M(U) < myg. Then U satisfies one of the following:
(i) U = (1232)>
(il) U or UY = >°(3132)123(2131)>
(iii) U does not contain 11,33,212,232.
Proof. First, if U or UV, say U, contains 333, then
M(U) > L(P*|333Q) = [P] + [333Q] = [P] + [Q] + 3V2 > 3V2 > my
for some infinite Hy-sequences P,Q with U = P*333(Q). Therefore, U and
UV do not contain 333 or 111.

Next, assume that U or UV, say U, contains 33. Let U = P*33() for some
infinite Hy-sequences P, @ starting with 1 or 2. Then, by (2.7]), we have

M(U) > L(P*33Q) = [Q] + [P] +2V2

> [(112)%°] 4 [(112)™] 4+ 2v/2 = +2v/2 > my,.

f V2

Hence, U and U do not contain 33 or 11.
We claim that U and U* do not contain 2322 or 2323. Let U = P*232Q)
for some infinite Hy-sequences P,QQ with @ beginning with 2 or 3. Then,

by (5.1), we have
M(U) > L(P*2|32Q) = [2P] + [2Q] + V2
V2 VT
> [2(12)%°] + [2(21)>°] + V2 = +
> [202)7] + 221)™] + V2= 25+ YL
Therefore, U does not contain 11, 33, 2323, 2121, 3232, 1212, 2232, 2212,
2322, 2122. Thus, any infinite Hy-sequence P of U or U* satisfies

(5.2) [(1213)] < [P] < [(3231)™)].

+\@>m0.
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Suppose that U # °°(1232)*° and U contains 232. Then U also contains
(a) 3123213, or (b) 2123212, or (c) 3123212 or 2123213, say 2123213.

(a) In this case, U = P*3123213@Q for some infinite Hy-sequences P, Q
and by (.2) and (5.1)) we have

M(U) > L(P*312|3213Q) = [213P] + [213Q] + V2

> [(2131)%] 4 [(2131)°] + V2 = o VIS o m.
11v2
Hence, U does not contain 3123213 or 1321231.
(b) Inthis case, since U #°°(1232)°°, there exists an infinite Hy4-sequence P,
not beginning with 32, for which U, UV, U*, or (UV)*, say UV, is P*2123212Q
for some ). Hence, by , we have

M(U) > L((PY)*2]321232Q") = [2P"] + [21232Q"] + V2
> [2(1312)%] + [212(3132)%] + V2
= M(*(3132)123(2131)*) = mo.

(c) If U contains 2123213, but does not contain 2123212 or 2321232, then
we have U = P*21232() for some infinite Hy-sequences P, @, where P does
not begin with 32 and @ does not start with 12. Thus, (5.2]) implies

[PY], [@Q] > [13(1213)] = [(1312)*].
By the elementary calculus, we check that [2P] 4+ [212PV] is an increasing
function of [P] on the interval ([(1312)°], [(3132)°°]). Therefore, we have

M(U) > =(L(P*212|32Q) + L((PY)*23|212Q"))

1
2

- %([21213] +[2PY]) + %([2@] +[212QY]) + V2

. 2(1312)>] +2[212(3132)°°] | [201312)~] +2[212(3132)°°] B

= [(2131)>] 4 [21(2313)>] + V2 = M(*(3132)123(2131)>) = my.
Moreover, if equality holds, then we see that U = °°(3132)123(2131)* or
UV = (3132)123(2131). =
THEOREM 5.2. The interval

2124+/2 + 48+/2
(\/ﬁ f;ws 38

is a mazximal gap in A (Hy). The two boundary points of the interval cor-

respond to M(*(1232)>®) = /10 and M(U) = % for U =

*(3132)123(2131). Moreover, Z2W2HASVIS o o Jimit point of .4 (Hy).

) = (3.162...,3.181...)
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Proof. By direct calculation, we check that M (*°(1232)*>°) = /10 and
M(°°(3132)123(2131)%) = 2124vV2048V238 _.
Suppose that U is a doubly infinite Hy-sequence with M(U) < mg and

U # *°(1232)>. Then, by Lemma [5.1} U does not contain 11, 33, 212, 232.
If a,b € {1,2}, then
L(P*a|bQ) = [aP] + [bQ] < [2P] + [2Q] < V2 + V2 < V10
for any infinite Hy-sequences P, Q. Moreover, if P*1|3aQ is a section of U
for a € {1,2}, then
L(P*1] 3aQ) = [LP] + [3aQ)] < [(1323)] + [(3231)™]
V119 — V11 V2
_ 9-7 n 9+7 _ 38 < V10,
5v/2 5v/2 5
Therefore, we deduce that M(U) < v/10. Hence, (v/10,my) is a maximal
gap in .4 (Hy).
Finally, let us show that myg is a limit point of .# (Hy). For k > 1, let
Uy, == °(1312)3214,123(2131)°, where Aj, := (2313)F2 = 2(3132)".

Let P}|Qx be a section of the doubly infinite sequence Uy. Then there exists
a section P*|@ of the doubly infinite sequence U such that at least the first
4k + 2 digits of P and Py, and those of Q and @y, are identical. Therefore, we
have limy_,.c M(Uy) = M(U) = my. By Lemma[5.1] we have M(Uy) > my
for all k. Hence, my is a limit point of .Z (Hy). =

THEOREM 5.3. The interval
238
(Cm) = (3.085...,3.162...)

is a maximal gap in A (Hy). The lower endpoint satisfies M(>°(1312)°)
V238

_ V2
- 5

Proof. Suppose that M(U) < v/10 = M(*°(1232)*°). By Lemma , U
does not contain 33, 11, 212, 232. Therefore, for any infinite H4-sequence R
appearing in U, if R does not start with 32 or 12, then

[(1312)%] < [R] < [(3132)%].

If U = P*2Q for infinite Hy-sequences P, Q, then neither P nor @ starts
with 32. Therefore,

L(P*12Q) = [P] + [2Q] < [(3132)™] + [2(3132)™] = M(®(3132)™).
If U = P*13Q, then [Q] < [(2313)>] and [31P] < [(3132)°]. Thus,
L(P*13Q) = L(P*13|Q) = [31P] + [Q]
< [(2313)] + [(3132)™] = M(>(3132)™).
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Therefore, for any section P*|Q of U, we have L(P*|Q) < M(*°(3132)®) =

V238 253(8, 'I)‘hUS, by Theorem the interval (Y222 1/10) is a maximal gap in
A (Hy). m

6. A bound of Hall’s ray. In this section, we give the bound of Hall’s
ray stated in Theorem Let
K ={ld1,da,...] | di1 # 3, dpdps+1dg4+2 # 111,333 for all k > 1}
and let R = (332). We note that [R] = v/7 + v/2 and

\[5\[, max K = [2R] = V7 — V2.

Let £(cy, ..., cn) be the smallest closed interval containing {[d1,ds,...] € K |
di =ci1,...,dn = ¢y} and let € = [[RY],[2R]] = [ﬁ%ﬁ, V7 —V2]. Then

we have

min K = [RY] =

[[e1 ... cn2RY], (a1 cnR]] if cp10, = 11,

[[e1...cnl2RY), [c1...cnR]]  ifcno1 # 1,00 =1,
Elety .o ven) =4 [ler- .. cnRY], 1 - H if ¢, =2,

1. .caRY), e .. cn32RH ifc,_1 #3,¢p, =3,

[[e1...cnRY], [c1...cn2R]] if ¢,,_1¢, = 33.

We also define E,(cy, ..., c,) to be the smallest closed interval containing
{[dl,dg,.. ] ek | dy = Cl,...,dn = Cn,dn+1 75 3}.

First, let us verify that K can be obtained by applying the Cantor dis-
section process. In the dissection process, each type of interval is divided by
the following rules:

e The interval E(cy, ..., ¢,) is divided into the union of two intervals

E(ery. o en,2)UE(ery .o yen,3) i epoten = 11,
TS E(ery yen, ) UE(ery ..y, 2)  if cp_1cy = 33,
Eler, oo en)U&(c1y ..oy cn,3) otherwise.

e The interval E(cq,...,c,) with ¢,—1¢, # 11,33, is divided into the
union of two intervals

Elery o yen, ) UE(e1y ..o, 0n,2).

Each type of interval is subdivided into two intervals. Starting from &,
we continue the dissection process according to the above rules. Thus, we
obtain the Cantor set K.
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LEMMA 6.1. Let Z be the closed interval E(cy, ..., cp) or&(ct,...,cn). In
the Cantor dissection process, we have closed intervals I1,Zo in T satisfying
I\ J =171 UZy for an open interval J. Then

T) > 1T| for i=1,2.
Proof. Let

p T
M=N,...N, = :
q s

Then from ((1.4) we have
[c1...cnPl—c1...cnQ)=M-[P]—M-[Q] =
Using ([2.8)), we get

[P] - [Q]
(a[P] + 5)(q[Q] + s)

s _ _ _

gz—M Yioo=-N_"...N;" - 00=Ne,...Ng, 00 = [ep...c13%],
and moreover

S 1

6.1 - <[113%° = — if¢p_1c, =11
( ) q—[ ] 2\@ n—1tn
and
(6.2) 58 = 1 ifey e £ 11

Let Z =&(c1,. .., cn) wWith ¢p_1¢, # 11,33. Then
Il :5*(01,...,cn), IQ :5(01,...,cn,3).

Therefore,
=lc1...c3RY] = c1...c = 3R] ~ 2R
TI=ler- - eadRT] = ler- 2B = e SR+ 5)
v [2R-[12RV]
il 2 lex- - eaB] = ler el 2R] = Com e S A R )
[32R] — [3RY]

|Zo| > [c1...cn32R] — [c1...cp3RY] =

(q[32R] + s)(q[3RY] + s)

thus,

|71 _ (al12RY) + 5)(3RY] - [2R)) _ [3RY] - 2R] _

Ta = (3R] + )(2R] — [12RV]) ~ [2R] - 12RY] ~ U< b

171 _ (a2 + (e Y- RR) _BRRIBR-RR) oo
< 9354... <1,

<
Z2| = (q[2R] + s)([32R] — [3RY]) ~ [2R]([32R] — [3RY])
Let Z =&(cq,. .., cp) with ¢p—1¢, = 11. Then we have
1_1:5(61,...,07“2), 12:5(61,...,67“3).
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Therefore,
= [e c Vi— e c = [BRV] — [2R]
T =ler- - endBT] = e 2Rl = om S nR sy
= |c C — |C C V] — [2R] _ [ZRV]
Zi] = ler - en2R] = [er - ca2R7] (q2R] + s)(q[2RY] + s)’
[R] — [3RY]

|Zo| =[c1...cnR] —[c1...c3RY] = QR+ ) QBRI +5)°

By , we have g > 2/2s, thus
1T (@[2RY] + s)([3RY] — [2R
‘Zi] - (¢[BRY] + s)([2R] — [2RY

2{ 22RV] +1 [3R'] - [2R]

V) 2BRV] +1 [2R]—[2RY]

1T _ (q[R] + s)([BR] — [2R]) < [R]([3R"] — [2R])

Zo|  (q[2R] + s)([R] — [BRY]) — [2R|([R] — [3R"])

Let T = &.(c1,...,¢cn) with ¢p_1cy # 11,33 or Z = E(eq, ..., ¢p) with
Cn—1¢n = 33. Then we have

1'1:5(01,...,cn,1), 12:8(61,...,cn,2).

|_4|_4

)
)

=0.5917..

=0.5893... <1

Therefore,
=le1...ca2RY] —e1...c = 28] - [LF]
(TI=ler-en2RT = ler- el Bl = o pr = SUAR 7 5)
v [IR]—[12RY]
Dl 2 ler- - cnlBl = ler . eal2R7) = oo = Se Ao R 5y
2R] — [2R"]

| Zo| = [e1- .. cn2R] = [e1 ... cn2R"] = (g[2R] + s)(q[2RY] + )’

Together with the condition that ¢, _1¢, # 11, (6.1]) implies ¢ < 2v/2s. Thus,
|71 (@2R] +5)(2RY] —[1R]) _ [2RY] —[1E]

[Za] 2RV] + s)([LR] — [12RY]) ~ [1R] — [12RY]

]I|_(q =0.9354... <1
1

1T (gl2R] + s)([2R"] — [LR])
Zo| - (q[1R] + s)([2R] — [2RY])
2v2[2R]+1 [2RY] —[1R]

=0.8292...<1. n

2[ .
2v2[1R] +1 [2R] —[2RY]
For X, Y CR, we write XY + Y :={z+y |z e X, yec )V}

LEMMA 6.2 (|8 Chapter 4, Lemma 3]). Let B be the union of disjoint
closed intervals A1, ..., A.. Given an open interval T in Ay, let Ari1, Ario
be the disjoint closed intervals such that Ay \Z = Ay41 U Ar12. Let B be the
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union of Ag, ..., Arso. If |A;| > |Z| fori=2,...,r+2, then
B+B=B+8.
LEMMA 6.3 (|8, Chapter 4, Lemma 4|). If C1,Ca,... is a sequence of
bounded closed sets such that C; contains Ciyq for alli > 1, then

(ci+ (= (Ci+Co).
i=1 1=1 i=1

THEOREM 6.4. We have K + K = [M, 2V/7—2v2].

Proof. Let Ky := & = [@, VT — \/ﬂ and construct a sequence of
sets {ICk}72, satisfying the following four properties:

(1) Each Ky is closed and bounded.
(2) Ki D Kgy1 for all k£ > 0.

(3) Mo K = K.

(4) Ki + K = K1 + Kgyq1 for k> 0.

We already verified that K is obtained from Ky by removing an infinite
number of disjoint open intervals. Now, let us arrange these removed open
intervals in decreasing order of length and denote them by Jy, J1,. ... For
k >0, we set Kri1 = Ky \ Jx. By the definition of K, properties (1)—(3)
are satisfied. It remains to show (4).

Let Z be the closed interval from which Jj is removed, and Z;, Zo be
the disjoint closed intervals such that Z \ J;, = Z; U Zy. By Lemma
|Z1], |Z2| > |J|. Since the intervals (Jj) are arranged in decreasing order of
length, by Lemma [6.1], each closed interval in /i has length greater than or
equal to |Jx—_1|. Hence, each closed interval in i1 has length equal to or
greater than |Jx|. By Lemma K + K = Kigt1 + Kgy1. Therefore, by
Lemma[6.3) K+ K= (N2, Ki) + (N2, Ki) = N2 (Ki + Ki) = Ko + Ko. =

Since the length of Ko+ Ko = [M, 24/7 — 2V/2] is greater than v/2,
Theorem [6.4] implies the following corollary.

COROLLARY 6.5. Any real number can be expressed as v/2n + [P] + [Q]
forn e Z, [P],[Q] € K.

Now, we obtain the bound of Hall’s ray:

Proof of Theorem . Let a > 44/2. By Corollary there exist two
Hj-sequences P,Q € K and n € Z such that a = v/2n + [P] + [Q]. Since
[P],[Q] < V7 -2 < V2, we have n > 3. We set P = (ay,as,...) and
Q = (b1,ba,...). Let my and ¢;, be increasing sequences satisfying ap, # 3
and b, # 3. Put Ay = a1...a, and By = by...by,, . Define a doubly
infinite sequence

U = ©2433" B A53" By A33" B3 A53"By . . ..
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Note that A, By do not contain 333 and the first and the last digit of Ay, By
are not 3. Since L(P*23|32Q) < 4+/2 for any section P*23|32Q of U, we have

E(U) = lim sup L(OOQAT?)TLBl ‘e z_l3an_1Az3n | BkAZ_H?)nB]H_Q . )
k—o0

= V2 + limsup([Ax Bj_13" ... Bf3" A12%°] + [By A} 13" Br12. . ])

k—o00

=nV2+ [Pl +[Q] = a.
Hence, .Z(H,) contains every real number greater than or equal to 4/2. m
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